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C O L L I S I O N S  ON N O N E Q U I L I B R I U M  I O N I Z A T I O N  

I.  P .  S t a k h a n o v  a n d  V. E .  C h e r k o v e t s  

R A T E  

We study possible formulations of the p rocesses  taking place near  the cathode of the low- 
voltage a rc  as a function of the relat ionship between the e lectron Coulomb free path (lee) 
and the free path for elastic scat ter ing of electrons by atoms (l 0) on the one hand, and for 
inelastic scat ter ing (/i), on the other  hand. Expressions a re  obtained for the cor rec t ion  to 
the Maxwellian distribution function, the local and overal l  nonequilibrium ionization rate 
with atoms. Results  of computer  numerica l  calculations are  presented.  

in the overcompensated  regime of a low-voltage arc ,  as a resul t  of the cathode potential jump (E 0) the 
electron distribution function near  the cathode is not Maxwellian. The magnitude of E 0 is less than the f i rs t  
a tom-exci ta t ion energy level (E l) and therefore  direct  ionization by electron impact is not possible.  How- 
ever  the distribution function disturbances,  localized initially for energies E ~ E0, diffuse in energy space 
and part ial ly in the region E --> El. This leads to additional (nonequilibrium) ionization. With increasing 
distance f rom the cathode the distribution function disturbances relax, and ionization takes place as a resul t  
of the tail electrons of the Maxwellian distribution. As E --* 0 and E -~ ~ the e lectron-dis t r ibut ion function 
is Maxwellian at any distance from the cathode. 

Following [1, 2], we can wri te  the equations for the cor rec t ion  to the distribution function 

02r H a2r 0r =0 for E < E~ (~p = @ - - i )  (i) 

and under the assumption that the nonelastic scat ter ing c ross  section (~01) depends linearly on the electron 
energy near  E 1 

o~r +09r ~ ~,hp--(v-- i ) ]=o fo: E>E~ (2) 
a~ ~ an 

Here f is the true electron distribution function, f0 is the Maxwellian function. 

If removal  of the ionization products takes place sufficiently rapidly, near  the cathode r >> "Y-1 and 
then in the region E > E l 

o9r oN, ~ - -  T~b = 0 (3) 

The boundary conditions at the cathode have the form [1] 

o__~ ] = 0  for E < E o  (4) 
O~ ~=o 

= x / L ,  ~ = E /  T, 0o = E o /  T, ~h = E l /  T, �9 = T /  To, 

= ~llee / 11 g = 4L / le~, L = ~ h l o l ~ e  / 3, lo = T~ / (p%),  

(5) 
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11 == T~ I ((Paol (El + T), l~e = T 2 / (2nne ~ in A) 

B = Jo / ((1/4) n / )  exp (--1]o)), % = 3.5.10-1~cm~.aOl = 5. t0 -15 (E - -  El) c rn2 

H e r e  x is  the  d i s t a n c e  to  t he  ca thode ,  T e and T a r e  r e s p e c t i v e l y  the  ca thode  and p l a s m a  e l e c t r o n  t e m -  
p e r a t u r e s ,  n is  the  p l a s m a  d e n s i t y ,  p is the  p r e s s u r e  of the  n e u t r a l  g a s ,  J0 is the  R i c h a r d s o n  c u r r e n t ,  v is  

t h e  a v e r a g e  p l a s m a  e l e c t r o n  v e l o c i t y ,  v is  t he  r a t i o  of the  t r u e  n u m b e r  of  a t o m s  in the  f i r s t  e x c i t e d  s t a t e  
to the  t h e r m o d y n a m i c  e q u i l i b r i u m  n u m b e r ,  l e e  is  the  e l e c t r o n  Cou lomb m e a n - f r e e  path ,  11 and 10 a r e  r e -  
s p e c t i v e l y  t he  m e a n - f r e e  pa ths  fo r  i n e l a s t i c  and e l a s t i c  s c a t t e r i n g  of e l e c t r o n s  by  a t o m s .  

Thus ,  the  p r o b l e m  m a y  be  e x a m i n e d  s e p a r a t e l y  in the  t h r e e  r e g i o n s  E < E0, E 0 < E < El ,  E > E 1 wi th  
c o r r e s p o n d i n g  d i f f e r e n t i a l  equa t ions  and  b o u n d a r y  cond i t ions  on ~. The  cond i t i ons  for  con t inu i ty  of the  
func t ion  r 07, ~) and i t s  f i r s t  d e r i v a t i v e  wi th  r e s p e c t  to ~/ fo r  ~ = % and ~ = ~/1 a r e  i m p o s e d .  The  b o u n d a r y  
cond i t i ons  (4) and (5) r e q u i r e  a p p l i c a t i o n  of  t he  W i e n e r - H o p f  m e t h o d  and in th i s  c a s e  the  s o l u t i o n  e n c o u n t e r s  
s e r i o u s  d i f f i c u l t i e s .  We  can  s i m p l i f y  the  p r o b l e m  by examin ing  two l i m i t i n g  c a s e s :  

(a) when g >> 1, r e l a t i v e l y  low n e u t r a l  ga s  p r e s s u r e s  p ,and  h igh  p l a s m a  d e n s i t y  n; 

(b) when g << 1, l a r g e  p r e s s u r e  p, low d e n s i t y  n. 

As shown in [3], c a s e  (a) c o r r e s p o n d s  to low r e f l e c t i o n  c o e f f i c i e n t  of the  e l e c t r o n s  e n t e r i n g  the  p l a s -  
m a  b a c k  to the  ca thode ,  c a s e  Oo) c o r r e s p o n d s  to  a high r e f l e c t i o n  c oe f f i c i e n t .  We  no te  tha t  the  r e q u i r e m e n t  
g >> 1 by  v i r t u e  of  l 1 >> l 0 a u t o m a t i c a l l y  l e a d s  to s m a l l n e s s  of  the  p a r a m e t e r  y and v i c e  v e r s a .  The  e x p e r i -  
m e n t a l  f ac t s  c o n c e r n i n g  the  a r c  r e g i m e  of t he  t h e r m o e m i s s i o n  c o n v e r t e r  [1, 4] i nd i ca t e  t ha t  t h e  p r e s s u r e  p 
is  s u f f i c i e n t l y  low (1-6 m m  Hg) and the  d e n s i t y  n is  s u f f i c i e n t l y  h igh  (1013-1014 c m  -a) tha t  t he  cond i t i on  
g >> 1 is s a t i s f i e d .  Thus ,  two f o r m u l a t i o n s  of the  p r o b l e m  a r e  p o s s i b l e :  

(a) when  g >> 1, Y < 1 a long wi th  r e t e n t i o n  in (5) of the  t e r m  wi th  ~ r  and  n e g l e c t  of  r in c o m -  
p a r i s o n  wi th  th i s  t e r m ;  

(b) when  g << 1, 3/> 1 the  d e r i v a t i v e  is  d ropped ;  c a s e  (a) is  r e a l i z e d  in the  a r c  r e g i m e  of  the  t h e r m o -  
e m i s s i o n  c o n v e r t e r .  

In e x a m i n i n g  p r o b l e m  (a) t h e r e  is  no need  to u se  t he  W i e n e r - H o p f  me thod .  F o u r i e r  t r a n s f o r m a t i o n  
w i th  r e s p e c t  to ~ and s u b s e q u e n t  so lu t i on  of t he  d i f f e r e n t i a l  Eqs .  (1) and (3) wi th  c o r r e s p o n d i n g  b o u n d a r y  
cond i t i ons  y i e l d  t he  fo l lowing  e x p r e s s i o n s  f o r  the  F o u r i e r  t r a n s f o r m s  of  t he  c o r r e c t i o n s  to the  d i s t r i b u -  
t i on  func t ion  

go1 (k, e) = A 1 (k) exp (--po e) q- B 1 (k) exp (poe) for E ~ / g 0  

�9 ~ (k, e) = A~ (k) exp ( - -  poe) -k B~ (k) exp (poe) -b for E 0 ~ E ~ E 1 
If2 F/3T 2 exp ( -  ( ~ -  ~/~) e) exp ( - s / 2 ) ]  + 

(If~g) k p0g _ (, __ iI~)~ po ~_  1/4 j 

~ (k, e~) = A3 (k) exp ( - -  Pie1) -~ B3 (k) exp (Pr for E ~ Er 

l/'~ [-B.r~exp(--('r--i)eo--('~--V~)e, exp (-- e,/2)q 
§ ( Fgg-----7 . ~ - (~ - ~/~)~ ~p~ - ~/~ J 

w h e r e  the  e o e f f i c i e n t s  A1, BI,  A~., B~., Aa2 Ba a r e  d e t e r m i n e d  f r o m  the  cond i t ion  of con t inu i ty  of r and  a ~ / & l  
f o r  ~ = ~0 and ~ = ~1 and f r o m  the  cond i t i on  r - ~ 0  as  g ~ 0 and E ~ 

e = ~1 - -  ~1o, e 1 = I] - -  ~]1, eo = ~]1 - -  ~1o 

po = g ~  + 11,, p l  = r 2 4 7  r + 'I~ 

In the  c o n s i d e r e d  r e g i o n  E > El ,  a f t e r  i n v e r s e  t r a n s f o r m a t i o n  we ob ta in  

(81, ~, T) : i [B.~211 (el, ~, v) - -  I1 (el, ~, l)] - W  

[ 
(po + p l )  u -  - -  ~ § 1/2) 

- - o o  

- -  exp (-- (po -- I/2) eo -- (pl --  1/~) ea exp (-- ('r --  t) (so -q- el) -- ikE) 

(po  q -  �9 - -  1/2) exp (.- (1: - -  i )  go - -  ( p l  - -  l/g) e l  + ik~) 1 dk 
- { F 4  ~ ?pT~-- (, = 

(6) 
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Then the n u m b e r  of  ions appear ing  pe r  c m  3 pe r  sec  as  a r e su l t  of 
d i s tu rbance  of  the d i s t r ibu t ion  funct ion m a y  be found by ca lcu la t ing  the inte-  
g r a l  [1] 

oo 
q (~, ~) = n v  exp (--  111) f exp ( - -  ~1) ~ (81) ~) T) (El ~- Ill) 81d81 (7) ll 

0 

In tegra t ing  (7) ove r  ~, we obtain the following equat ion fo r  the to ta l  num-  
b e r  of ions appea r ing  in the i n t e r e l e c t r o d e  space  pe r  c m  2 of ca thode  a r e a  pe r  
sec  in the nonequ i l ib r ium ionizat ion c a s e  

w h e r e  

nvLexp (-- rh) [B~212(% y) - - I s ( t ,  T)] (8) Q (~' ~) - gl~ 

-- exp (-- (~ -- 1) e0) I2 (% T) = Oh / ~3 + 2 / ~') t - exp ~_:_~ t) 80) 4= �9 exp~(-_ u 1) 8o)]3 - -  (~1 / ~ § 2 ] ~)  ~ _ �9 _ 

= ]/T + 11, + Vs 

The cons tan t  B, wr i t t en  p r ev ious ly  in t e r m s  of  J0, can be e x p r e s s e d  in t e r m  of an eas i ly  m e a s u r e a b l e  
quant i ty  - the a r c  c u r r e n t  J 

gJ ~10 + 1 
B = (*]3) n~ (10 / L) (~71o -{- t) exp (-- I]@ ~" ~10 -t- 1 (9) 

Now the e x p r e s s i o n  for  Q with account  fo r  ine las t ic  e l e c t r o n - a t o m  co l l i s ions  has the f o r m  

Q(% ?) = a(% ?) J -  b(% 7) (10) 

w h e r e  a(r ,  7) and b(%7) a r e  found f r o m  (8) and (9). It fol lows f r o m  (10) tha t  fo r  each choice  of %80, y t h e r e  
is a m i n i m a l  c u r r e n t  J ,  fo r  which  Q van i shes  and then b e c o m e s  nega t ive  (L e.,  the  to ta l  n u m b e r  of  ions ap-  
pea r ing  in this  c a s e  in the  a r c  i n t e r e l e e t r o d e  space  is l e s s  than in equi l ibr ium).  This effect  is a s s o c i a t e d  
with leakage  to the ca thode  of h i g h - e n e r g y  e l ec t rons  as  a consequence  of  T > 1 (T > Tc)- 

F o r  ~" = 1, ~?0 + 1 ~ ~?0, ~?l + 2 ~ ~?! we can use in p lace  of  (10) the s i m p l e r  e x p r e s s i o n  

E1 I EI-- Eo ] Q - - - - J ~ e x p ( - - ( E i - - E o ) / T )  t +  ~ T ~ (11) 

Equat ion (11) r e f l ec t s  the bas i c  c h a r a c t e r i s t i c s  of nonequ i l ib r ium ioniza t ion  and fo r  sma l l  y a g r e e s  
with the r e su l t  ob ta ined  p rev ious ly .  
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The  c a l c u l a t i o n s  us ing  (6) and (7) wi th  accoun t  fo r  (9) w e r e  m a d e  on a c o m p u t e r .  The  r e s u l t s  a r e  
shown in F i g s .  1 - 5 .  In t he  c a l c u l a t i o n s  w e  used  the  fo l lowing v a l u e s  of  the  p l a s m a  p a r a m e t e r s  

n = 2 t013cm -3, p = i.66 rnrn Hg. 

T =  2400 ~  0 = icY, E1 = l . 3 9 e v  

F i g u r e s  1 and 2 show ~b v e r s u s  the  d i m e n s i o n l e s s  c o o r d i n a t e  ~ = x / L  fo r  ~c = 1 (L = 0.0052 cm) fo r  
= 1.5 (L = 0.0043 cm) wi th  the  e n e r g y  E = E 1 + T r e s p e c t i v e l y  fo r  g = 2 A / c m  2 and J = 0.2 A / c m  2. F i g u r e s  

3 and 4 show q v e r s e s  ~ r e s p e c t i v e l y  fo r  g = 2 A / c m  2 and J = 0.2 A / c m  2, w h e r e  q is  in C / c m  3 �9 s e c .  F i g u r e  
5 shows fo r  c o m p a r i s o n  the  c u r v e s  q(~) wi th  ( cu rve  1) and wi thou t  ( cu rve  2)~account  fo r  i n e l a s t i c  e l e c t r o n -  
a t o m  c o l l i s i o n s  (he re  J = 2 A / c m  2, T = 1.5) 

In c o n c l u s i o n  we s h a l l  p r e s e n t  s e v e r a l  e s t i m a t e s  of  Q(~') us ing  (10) fo r  the  p r e v i o u s l y  i n d i c a t e d  v a l u e s  
of  the  p l a s m a  p a r a m e t e r s  f o r  d i f f e r e n t  J and  ~" 

Q ( l )  = 0 . 2 1 5  C/cm 2.sec 

0 (1.5) --- 0.145 C/cm 2 �9 sec for jr = 2 a/crn 2 

Q (l) = 0.0215 c /cm 2 �9 sec 

Q (t.5) = 0.0053 C/cmZ.sec for J = 0.2 A / c m  2 

T h e  l i m i t i n g  c u r r e n t  J .  in t h e  c a s e  r = 1.5 i s  0.07 A / c m  2. Howeve r ,  if we c o n s i d e r  i n e l a s t i c  c o l -  
l i s i o n s ,  t hen  

Q (l) = 0.283 C/cm z- sec 

Q 0.5)  - -  0.225 C/crnZ.sec for J = 2 A/crn 2 

Q (i) = 0.0283 C/cm z �9 sec 

Q (f.5) = 0.0092 C/cm 2.sec for Y = 0.2 A/cm 2 

Thus ,  t he  e f fec t  of i n e l a s t i c  c o l l i s i o n s  is  s i g n i f i c a n t  and i n c r e a s e s  wi th  i n c r e a s e  of  ~'. Th i s  is  e x -  
p l a i n e d  by  the  f ac t  t ha t  t he  l eng th  l I ~ T c and l e e  ,~ T 2. T h e r e f o r e  

'~ = ~llee / l l  ~ T 2 / Tc  

and  the  r e l a t i v e  c o n t r i b u t i o n  of  i n e l a s t i c  e l e c t r o n - a t o m  c o l l i s i o n s  b e c o m e s  g r e a t e r  w i th  i n c r e a s e  of T in 
c o m p a r i s o n  wi th  e l e c t r o n -  e l e c t r o n  c o l l i s i o n s .  
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